A thermodynamic analysis of the Fe-Nb-B ternary system has been carried out by estimating the unknown thermodynamic properties of various borides and solid solutions with using a first-principles method. The calculations showed that, at least in the ground state, the solid solution, in which the B atoms substitute for the Fe atoms, was more probable than that where the B atoms dissolved in the octahedral interstitial sites. Furthermore, the calculated values for the binary borides in the Fe-B and Nb-B systems were in reasonable agreement with those found by experiment. The thermodynamic properties such as formation enthalpies for the FeNbB and Nb 3 B 2 phases were also determined for ternary borides. The thermodynamic functions determined using these theoretical values, as well as the available experimental information on the phase boundaries, successfully revealed the phase equilibria in the Fe-Nb-B ternary system over the entire composition and temperature ranges.
Introduction
Boron is a known alloying element that is used to enhance the hardness of steels, even by a minor addition of a concentration up to 10 ppm. For this reason, B is utilized as a substitute for elements such as Ni and Mo in steels. Furthermore, the effect of B is to improve the impact properties of steels. 1) This is explained by the fact that B segregates at the grain boundary of steel before elements such as P do, which can degrade the impact value. In addition, B enhances the ductility of hot steel, and this is thought to be due to the precipitation of Fe 23 (B,C) 6 in the matrix.
2) At low temperatures, where austenite and ferrite coexist, the precipitates act as preferential sites for the intragranular nucleation of ferrite.
On the other hand, amorphous ferrous alloys that contain B show excellent soft magnetic properties, and the addition of Nb to ferrous materials enhances the formation of a supercooled liquid state in these alloys, 3) which are promising new ferromagnetic materials. Despite these important roles in industrial materials, the behavior of Nb and B in the ferrous alloys is not yet clear, which is mainly due to the limited information available on the phase equilibria of the basic Fe-Nb-B ternary system. An isothermal section diagram determined at 1 023 K using X-ray diffraction and microstructural analysis 4) is almost the sole information on the phase equilibria in this ternary system. One of the experimental difficulties in determining a phase diagram is the formation of a large number of borides in the Fe-Nb-B system, and there are eight types of binary boride involved in the phase equilibria. In addition, two types of ternary borides have been identified, 4) and these borides are the dominant phases over the entire range of the phase fields. This fact makes characterization of the phases in the microstructure difficult.
In this study, we attempted to evaluate the thermodynamic properties of various borides using a first-principles energetic calculation method. The objective of this study was to clarify the phase equilibria of the Fe-Nb-B ternary system over the entire composition and temperature ranges, by estimating the unknown phase equilibria using theoretical values, as well as any available experimental information.
Computational Procedure 2.1. First-principles Calculations for Evaluating Ther-
modynamic Properties 2.1.1. Enthalpy of Formation of Borides at Zero Temperature The enthalpy of formation of the boride phases was calculated with using the Full Potential Linearized Augmented Plane Wave (FLAPW) method. The FLAPW method, as embodied in the WIEN2k software package, 5) is one of the most accurate schemes for electronic calculations, and allows precise calculations of the total energies in solids. Therefore, this method is most appropriate for evaluation of relative thermodynamic properties such as the formation enthalpy and so on. The FLAPW method uses a scheme to solve many-electron problems based on the local spin density approximation (LSDA) approach. Because the LSDA approach includes an approximation for both the exchange and correlation energies, it has been expanded by adding the gradient terms for the electron density to the exchangecorrelation energy. This has led to the generalized gradient approximation (GGA) method suggested by Perdew et al., 6) and we used this improved method over the conventional LSDA approach.
Muffin-tin radii of 2.0 au (0.106 nm) for Fe and Nb were assumed in our computations, and a Muffin-tin radius of 1.9 au (0.1005 nm) was used for B. The value of RK max was fixed at RK max ϭ9.0, which almost corresponds to the cutoff energy used in our work of 20 Ry (270 eV).
Free Energy of the Solid Solution in the Fe-B Bi-
nary System In this work, the Gibbs energy of the bcc (a) and fcc (g) solid solutions of the Fe-B binary system was evaluated using first-principles calculations, and the results were introduced into our thermodynamic analysis. The calculation procedure will be explained in this section.
The free energy of the various lattice configurations is often depicted using the cluster expansion method (CEM). 7) This method is summarized as follows. The total energy of a selected ordered structure having a bcc or fcc lattice is computed. Then, the total energy is used to extract the chemical interaction energy between the Fe and B atoms in various crystalline environments. This established method of extracting interaction parameters from the total energy has already been applied to a large number of alloy systems, as discussed in the literature, 8) and we followed this procedure in our study.
The energy of formation, DE f form , of a stoichiometric ordered compound, f, was extracted from the total energy by subtracting the concentration-weighted average of the energy of the pure elements in the f state, as:
..... (1) where c i is the concentration of element i. The term E f total denotes the total energy of the f superstructure, while the terms E total boc-Fe and E total rhombohedral-B refer to the total energy of bcc Fe and rhombohedral-type B, respectively. Furthermore, the free energy rather than energy of formation is more appropriate for applying thermodynamic properties to phase diagram calculations. The free energy of formation, DF f form , of a structure, f, is described by the following equation:
........ (2) where DE f vib (T) is the lattice vibration energy and DS f vib (T) is the vibration entropy. To obtain the free energy at a finite temperature, the obtained free energy of formation is described using the effective cluster interaction, v j , for cluster j, and the cluster correlation function, x j f , as defined in Ref. The cluster variation method (CVM) with tetrahedron-octahedron-pentuplet clusters was adopted in this work to calculate the configurational entropy. 8) Superstructures for computing the DF f form values were constructed by changing the stack of atoms along a given direction of the parent fcc and bcc structure lattices. [10] [11] [12] Thirty two types of superstructure for the fcc phase and 28 types of superstructure for the bcc phase were used to evaluate the free energies.
Thermodynamic Modeling of the Solution Phases

Liquid (L), bcc (a), and fcc (g) Solution Phases
The regular solution approximation was applied to the liquid phase, as well as the a and g solid solutions. Solid solutions of B in both bcc and fcc Fe are known to exhibit both substitutional and interstitial character, as shown by several thermodynamic studies. In these assessments, Ohtani et al. 13) assumed an interstitial solid solution in their thermodynamic modeling, while Hallemans et al. 14) suggested a substitutional solid solution; thus, this aspect is still uncertain. Rompaey et al. 15) attempted to optimize the binary system using two models for the solid solubility of B in bcc and fcc Fe, considering B as an interstitial and as a substitutional constituent based on the published experimental thermochemical data and phase boundaries. They found that both descriptions were in good agreement with most of the experimental data, and extension to higherorder systems was possible.
In this work, as will be described later in Sec. 3.1, a comparison of the energy of formation of the interstitial and substitutional solutions in the ground state was attempted for the Fe-B binary a and g solid solutions using first-principles calculations. The results showed that, at least in the ground state, the solid solution in which the B atoms substitute for the Fe atoms is more energetically stable than the case where the B atoms dissolve in the octahedral interstitial sites. Based on this knowledge, we applied the regular solution approximation to the solid solutions as well as to the liquid phase in the Fe-Nb-B system.
The molar Gibbs energy, G f m , was described as: (9) where the temperature dependency was introduced as n L
The term L f Fe,Nb,B is the ternary interaction parameter between elements Fe, Nb, and B. The contribution to the Gibbs free energy due to the magnetic ordering was added to the nonmagnetic part of the free energy. 16, 17) 
The Fe 2 Nb Phase
The C14 Laves phase, Fe 2 Nb, shows a wide compositional range. To account for the homogeneity range, a threesublattice model 18) denoted by (Fe ϭ1 ) 6 was used in this study, keeping consistency with our previous assessment.
19 (2)) 2 . However, recent neutron diffraction experiments 22) have revealed that vacancies occur in the Nb subnet, which accounts for the hyperstoichiometry of this phase at high B compositions. Based on this information, we adopted a two-sublattice model, in which the Nb atoms and B atoms were substituted by vacancies in each sublattice, i.e., (Nb y Nb
2 . The Gibbs energy per mole of formula unit of this phase is given by: 
Results and Discussion
Calculation of Enthalpy of Formation of Borides
The enthalpy of formation of the various boride phases in the binary and ternary systems was evaluated using firstprinciples calculations. Information on the crystallographic data was obtained from Ref. 23 ). The calculated results are listed in Table 1 . The listed values denote the enthalpy of formation based on bcc Fe, bcc Nb, and rhombohedral aB with the hR12-type structure. It has long been believed that hR105-type bB is more stable than aB, and so bB was adopted as the stable element reference for B in the SGTE database. 24) However, Shang et al. 25) recently found that aB is more stable than the defect-free bB up to 1 388 K. According to their first-principles quasiharmonic phonon calculations, aB is more stable than bB by 17.4 meV/atom (1.68 kJ/mol) at 0 K. This difference is small compared with the formation energies of borides, and thus, correction of the difference between the SGTE database and first-principles calculations was not made in this work.
The experimental enthalpy of formation of Fe 2 B has been determined to be Ϫ22.3Ϯ7.0 kJ/mol, 26) Ϫ33.8 kJ/mol, 27) and Ϫ22.6Ϯ2.7 kJ/mol, 28) while the calculated value is Ϫ30.6 kJ/mol. On the other hand, the enthalpy of formation of FeB has been determined as Ϫ35.6Ϯ6.3 kJ/mol, 26) Ϫ46.5 kJ/mol, 27) and Ϫ32.3Ϯ2.2 kJ/mol, 28) and the corresponding calculated value in this work is Ϫ35.1 kJ/mol. The calculated enthalpies occur in the range of the experimental values. The thermodynamic properties of the Nb-B binary borides have not been evaluated experimentally, except for the NbB 2 phase with the P6/mmm structure. The evaluated enthalpy of formation of NbB 2 agrees well with the experimental value Ϫ72.7 kJ/mol. 29) In addition, this phase has a large homogeneity range, extending from 61 to 70 at% B.
20)
We carried out a ground state analysis on this boride phase by constructing superstructures based on the P6/mmm space group, following the procedures described in Sec. 2.1.2. The calculated results are shown in Fig. 1 . The calculated values shown are the enthalpies of formation of the ordered structures, and these should be defined in a different way to those of the disordered solid solutions. To account for the randomness in atomic configuration in the disordered alloys, other approaches, such as the coherent potential approximation (CPA) 30) or special quasi-random structure (SQS) model, 31) have been advocated. However, such approaches were not used in this study, because we experienced that the formation energies in the ground state for the metal-H systems calculated using our technique were in good agreement with the results of the thermodynamic analysis using only experimental data on the phase boundaries and thermodynamic properties. 12) Thus, the thermodynamic parameters required for the (Nb y Nb 2 -type sublattice model were evaluated based on these results, as shown by the solid line in Fig. 1 .
The isothermal section diagram of the Fe-Nb-B system at 1 073 K 4) contains two ternary compounds, i.e., FeNbB with a Fe 2 P-type crystal structure and Fe 3 Nb 3 B 4 , whose crystal structure is unknown. In this study, the energy of formation of the FeNbB phase was evaluated using the FLAPW method, as listed in Table 1 , and the thermodynamic functions for Fe 3 Nb 3 B 4 were determined using our thermodynamic analysis due to a lack of crystallographic information. In addition, Kuz'ma et al. 4) have postulated that the Nb atoms of Nb 3 B 2 occupy the 4(h) positions, while the Fe atoms are located in the 2(a) positions in the P4/mbm space group in the stable composition range. Our ground state analysis confirmed that there exists an ordered structure of Fe 2 Nb 4 B 4 with such atomic positions with a space group of P4/mbm. However, in the higher Fe composition range, the Fe atoms substitute for the Nb atoms in the 4(h) positions, yielding another ordered structure, Fe 4 Nb 2 B 4 with space group Cmmm. Based on this information, the first-principles calculations were carried out to estimate the interaction energies of (Nb,Fe) 3 B 2 . The results are shown in Fig. 2 , where the solid line was obtained using our thermodynamic analysis.
Calculation of the Free Energy of Fe-B Solid Solu-
tions The free energy of the a and g solid solutions in the Fe-B system were calculated using the CEM. The formation energy of various superstructures based on the fcc phase is shown in Fig. 3 . The open circles denote the structures in which the B atoms are dissolved as a substitutional constituent, while the filled circles represent the structures in which the B atoms were as an octahedral interstitial constituent. In the latter case, only the structures in the ground state are represented in Fig. 3 . According to this result, B behaves as a substitutional element, at least in the very low temperature range.
In Fig. 4(a) , the calculated free energy of the g phase at 1 000 K is compared with the results evaluated using the CEM and CVM methods. The solid line in Fig. 4(a) shows the calculated results using Eq. (7). Figure 4(b) shows the calculated free energy of the a phase at 1 000 K along with the first-principles values for comparison.
A few comments need to be made on these calculations. First, with regards to the lattice vibrations, their contribution to the energy of formation can be taken into account, as given in Eq. (2). The effect of such vibrational excitations on the phase equilibria was discussed in detail by van de Walle and Ceder. 32) They showed that lattice vibrations mainly influence the phase stability through an entropic contribution, and typical differences in vibrational entropy are in the order of 0.2k B , i.e., about 1.6 J/mol/K. In fact, we estimated the vibrational entropy for the structures shown in Fig. 4 to be around 2.1 J/mol/K by calculating the phonon dispersions in the framework using the full-potential linear muffin-tin orbital (FP-LMTO) method. 33) This effect yields a 2 kJ/mol difference in the total energy at 1 000 K at the equiatomic composition. However, as shown in Eq. (1), we focused our attention on the energy of formation instead of the total energy, and the contribution of the lattice vibrations to the free energy shown in Fig. 4(a) will be much smaller, at less than 1 kJ/mol. Therefore, to simplify the calculations, we used the energy of formation, DE f form , rather than the free energy, DF f form , in the cluster expansion, and the vibrational terms in Eq. (2) were not taken into account.
Second, we should remark on the effect of hydrostatic pressure on the free energy. The total energy of a superstructure can be expressed as a function of the volume using the Murnaghan equation of state, 34) as shown in Eq. (14): (14) where B, BЈ, and V 0 are the bulk modulus, its pressure derivative, and the equilibrium volume, respectively. An example of an energy versus volume curve is shown in Fig. 5 for the Fe 1 B 1 structure belonging to the P4/mmm space group, which is one of the superstructures shown in Fig. 3 , and E total (V 0 )ϭϪ2 595.325122 Ry were obtained. In this series of energetic computations we adopted E total (V 0 ) as the total energy of the structures. With Eq. (14) Thus, E total (V 0 ) denotes the total energy at the equilibrium volume, VϭV 0 , and hence, at zero pressure. This means that the free energy, DF, defined in Eq. (6), is the Helmholtz free energy and not the Gibbs free energy. However, at atmospheric pressure, the change in volume from the zero pressure point would be 0.00003 %, as calculated using Eq. (15), and consequently the value of E total (V 0 ) is almost equal to the value of E total (V). In view of this fact, we evaluated our thermodynamic parameters by applying the Gibbs energy functions, given in Eq. (7), to the values obtained from the first-principles calculations.
Thermodynamic Analysis and Calculation of
Phase Diagrams A brief outline of the thermodynamic analysis and the calculated results will be presented in this section. Most of the descriptions of the lattice stability parameters for each pure element were obtained from the SGTE data set, 24) and are shown in Table 2 .
The Fe-B Binary System
The equilibrium phase diagram of the Fe-B binary system is composed of the liquid phase (L), the terminal solutions of Fe (a, g, and d) and B (bB), and two intermetallic compounds, Fe 2 B and FeB.
Several critical assessments on the Fe-B binary system have been performed, 14, [35] [36] [37] [38] and a thermodynamic assessment has been presented. [13] [14] [15] 36, [38] [39] [40] [41] The solubility of B in
Fe solid solutions has been investigated experimentally. [42] [43] [44] [45] [46] However, reliable values are lacking. This may be due to difficulties in separating the soluble B from either the precipitates or the B segregated at grain boundaries. The Fe 2 B phase forms at 1 662 K from the melt by the peritectic reaction, LϩFeB→Fe 2 B. The FeB phase melts congruently at 1 923 K. These two borides have a small homogeneity range with less than 1 at% B, and therefore, they were treated as being stoichiometric compounds in our thermodynamic analysis. With regards to the thermodynamic properties of the Fe-B alloys, the Gibbs energy and enthalpy of formation of the melts were investigated, 47, 48) and the published experimental data were corrected for using more reliable thermodynamic functions for B.
49) The experimental energy of formation of the binary borides was discussed in Sec. 3.1. The activity of B has been measured using calorimetry and an EMF method. 50) More recently, Miki et al. 51) measured the distribution ratio of Fe and B between molten Fe-B alloy and molten Ag, and derived the activity of Fe and B in the liquid phase at 1 873 K.
In our study, the thermodynamic analysis was performed using the calculated free energy of the a and g phases, the calculated energy of formation of the binary borides, the experimental activity and free energy of the liquid phase, 51) and the critically assessed phase boundaries.
38) The optimized values for the model parameters are listed in Table 3 . The calculated entire phase diagram is shown in Fig. 6(a) , and the Fe-rich side of the phase diagram is compared with the experimental data [41] [42] [43] [44] in Fig. 6(b) . The experimental data on the solubility of B in the a and g phases was not considered in our optimization process due to their large scattering. The calculated activity curve of Fe and the Gibbs energy of formation in the melts are shown with the experimental data in Figs. 7(a) and 7(b) , respectively.
Nb-B Binary System
The equilibrium phase diagram of the Nb-B binary system contains the liquid (L) phase, terminal solutions of Nb (a phase) and B (bB), and six intermetallic compounds: Nb 3 B 2 , NbB, Nb 5 B 6 , Nb 3 B 4 , Nb 2 B 3 , and NbB 2 . The solubility of B in Nb was investigated by Zakharov and Pshokin. [52] [53] [54] However, they showed some scattering in the data. Recently, Borges et al. 55) and Borysov et al. 56) carried out microstructural investigations on the Nb-B binary system, and determined the invariant eutectic reaction for L→aϩNbB occurred at 15-16 at% B at 2 463Ϯ13 K.
The homogeneity range of NbB was within 2 at%, and
the congruent melting temperature of the phase was at 50 at% B at 3 194Ϯ13 K. 20) The Nb 5 B 6 phase was absent in the phase diagram of Rudy, 20) although it was reported to be easily found in the experimental work. 57) Witusiewicz et al. 21) deduced the existence of a peritectic reaction of the liquid and Nb 3 B 4 phase. This sequence of reaction seems to be reasonable. The Nb 5 B 6 and Nb 3 B 4 phases are almost stoichiometric, although the Nb 3 B 4 phase has been depicted to have a considerable homogeneity range in the phase diagram of Rudy. 20) The formation of a stoichiometric boride, Nb 2 B 3 , was reported on synthesizing from a Cu melt 22) at 1 973 K. However, the stable region is still unknown. The homogeneity range of the NbB 2 phase has already been discussed in Sec. 2.2.3. Witusiewicz et al. 21) deduced that the Nb 2 B 3 phase forms by a peritectoid reaction between the Nb 3 B 4 and NbB 2 phases, with the temperature of the invariant reaction being around 2 650 K. This viewpoint was accepted in our analysis. The enthalpy of formation of NbB 2 has been investigated, 29) and the heat capacity of Nb 3 B 2 , Nb 3 B 4 , NbB 0.99 , and NbB 1.96 was evaluated based on the experimental data of Bolgar et al. 58, 59) The thermodynamic analysis of this binary system was performed based on the above-mentioned experimental information, as well as the calculated enthalpy of formation for the six types of Nb borides. The optimized thermodynamic descriptions for this binary system are listed in Table  3 . Figure 8 shows a comparison of the calculated and experimental data 20, 22) of the Nb-B binary phase diagram. It can be seen that the evaluated parameters show a good agreement with the corresponding experimental data on the phase boundaries.
The Fe-Nb Binary System
The equilibrium phases of the Fe-Nb binary system are the liquid (L) phase, the terminal solutions (a, g, and d), and two intermetallic compounds, Fe 2 Nb and FeNb. The Fe 2 Nb phase has a C14 Laves-type structure, and its homogeneity range has been studied by several researchers. [60] [61] [62] [63] [64] [65] However, the results show substantial disagreement. The other compound FeNb phase has the W 6 Fe 7 -type crystal structure, [66] [67] [68] and forms a reaction between the Fe 2 Nb and liquid phases. 69) The melting behavior of this phase has not been determined, and in particular, the formation of the congruent melting is uncertain. According to the assessment by Paul and Schwartzendruber, 70) the Nb-rich region of this binary phase diagram contains considerable uncertainty. The reaction between the FeNb and Nb-rich solid solution a phase lies around the 64 % Nb composition at 1 673 K, and the solubility of Fe in the a phase is 3 at% Nb, 6 at% Nb, and 7 at% Nb at 1 373, 1 673, and 1 773 K, respectively. 71) With regards to the thermodynamic properties of this binary alloy, the heat of mixing of the liquid phase was determined to be in the range 5-25 at% Nb, 72) and the activity coefficient of Nb along the g solvus has been investigated. 73) The formation enthalpy and entropy of the Fe 2 Nb phase has been reported to be Ϫ61.34 kJ/mol and Ϫ13.9 J/mol · K, 64) and Ϫ71 kJ/mol and Ϫ13.7 J/mol · K, respectively. 74) A thermodynamic analysis of this binary system was carried out by Toffolon and Servant. 75 ) They adopted two types of description for the Fe 2 Nb phase using three-sublattice and four-sublattice models. However, both of these models are different from the model used in this analysis. Therefore, we modified Toffolon's thermodynamic description for Fe 2 Nb by applying the three-sublattice model given in Eq. (10) . The thermodynamic description is shown in Table 3 , and the calculated Fe-Nb binary phase diagram is shown in Fig. 9 . 3.3.4. The Fe-Nb-B Ternary System Our thermodynamic analysis was performed using the experimental phase diagram of Kuz'ma et al., 4) and the energy of formation of FeNbB and the Fe 3 B 2 -Nb 3 B 2 pseudobinary section determined using the first-principles calculations. In addition to the information on the solid phases, the liquidus temperature determined for Fe 0.72 Nb 0.04 B 0.24 alloy 76) (1 497 K) was also considered to estimate the ternary interaction parameters in the melt. The optimized thermodynamic parameters are summarized in Table 3 . The isothermal section at 1 073 K was calculated using these thermodynamic parameters, and is shown in Fig. 10 along with the experimental phase fields 4) for comparison. The calculated values agree well with the experimental results. The calculated Fe-Nb-B ternary phase diagrams are shown in Figs. 11(a)-11(f) for Tϭ873, 1 273, 1 473, 1 673, 1 873, and 2 073 K, respectively. The calculated liquidus projection on the Fe-rich side is shown in Fig. 12 . The dotted lines represent the isotherms obtained at the temperatures indicated in Fig. 12. 
Conclusions
A thermodynamic analysis of the Fe-Nb-B ternary system was carried out, and the following results were obtained:
(1) The formation energy of the bcc and fcc phases in the Fe-B binary system was calculated for the case of B behaving both as an interstitial constituent and as a substitutional constituent by constructing various superstructures. The results revealed that, at least in the ground state, the solid solution in which B atoms substitute for the Fe atoms was more probable than that where B atoms dissolved in the octahedral interstitial sites. Using this new knowledge, the free energy of the Fe-B binary solid solutions was calculated using a cluster expansion of the superstructures.
(2) The enthalpy of formation of the various boride phases in the Fe-Nb-B systems was evaluated using firstprinciples calculations. The calculated values for the binary borides in the Fe-B and Nb-B systems were in reasonable agreement with those given by experiment. In addition, the interaction parameter between the Nb and Fe atoms in the Nb 3 B 2 phase and the energy of formation of the FeNbB phase were estimated. There was no available information on the crystal structure of the Fe 3 Nb 3 B 4 phase, and so the thermodynamic properties were determined by thermodynamic analysis.
(3) The phase equilibria of the Fe-Nb-B ternary sys- tem were elucidated over the entire composition range by determining the thermodynamic functions based on the theoretical values as well as any available experimental information.
